Abstract. Let X be a nondegenerate integral subscheme of dimension n and degree d in $ defined over the complex number field $. X i s s a i d t o b e k-regular if $ for all $, where $ is the sheaf of ideals of $ and CastelnuovoMumford regularity reg(X) of X is defined as the least such k. There is a well-known conjecture concerning k-regularity: $. This regularity con¬ jecture including the classification of borderline examples was verified for integral curves (Castelnuovo, Gruson, Lazarsfeld and Peskine), and an optimal bound was also obtained for smooth surfaces (Pinkham, Lazarsfeld). It will be shown here that $ for smooth threefolds X in $ and that the only extremal cases are the rational cubic scroll and the complete intersection of two quadrics. Furthermore, every smooth threefold X in $ is k-normal for all $, which is the optimal bound as the Palatini 3-fold of degree 7 shows. The same bound also holds for smooth regular surfaces in $ other than for the Veronese surface.
check that X is (m + l)-regular if and only if X is m-normal and $ for all i > 0. Let's define reg( X) to be min $.
More generally, for a coherent sheaf $ on $ is m-regular if $ for all $ and reg$ is defined by inf $.
We know that if X is m-regular, then the degrees of the minimal generators of the saturated ideal IX defining X are bounded by m and hence there is no (m + l)-secant line of X. (More generally, the degrees of generators of the i-th module of syzygies are bounded by m + i [EG] .) Furthermore, the Hilbert polynomial and the Hilbert function of X have the same values for all $.
Regularity conjecture ([EG] , [GLP] ).
(1) X is m-normal for all $ -codim(X).
(2) X is m-regular for all$-codim(X) + 1, i.e.,
$.
In addition, the problem classifying all extremal examples which make the bound best possible has been one of interesting themes along these lines.
Historically, the curve case in $ was first proved by Castelnuovo in 1893 [C] and his result was completed by Gruson, Lazarsfeld and Peskine in 1983 [GLP] , where they proved, by using vector bundle techniques, that every integral curve X of degree d in$ is (d -codim(X) + l)-regular. They also made the list of all extremal curves which fail to be (d -codim(X))-regular.
For smooth surfaces, bounds are obtained in [P] and [L] , where R. Lazarsfeld got the optimal bound reg $.
For smooth threefolds and smooth fourfolds, bounds are obtained in [K] , where the author got the following results: $ for smooth threefolds and $ for smooth fourfolds. Note that these bounds are off by 1 (resp., 4) from the conjectured bound. For arbitrary dimensional smooth projective varieties, $ by Bertram, Ein and Lazarsfeld [BEL] . In the case of arbitrary codimension two smooth projective variety X of degree d in $, Alzati [Al] got a better bound, i.e. $ (especially, $ by using various facts on higher order normality and vanishing theorems for an ideal sheaf due to Alzati and Ottaviani and recently, Peeva and Sturmfels showed in [PSt] that $ for toric varieties of codimension two. However, unfortunately, for smooth projective varieties of dimension $, extremal examples with geometric interpretations have not been classified yet.
The purpose of this paper is to give a new bound for regularity of smooth threefolds in $ and to classify extremal examples by using local cohomology. 
Theorem 1. If a locally Cohen-Macaulay projective variety X of dimension n is con¬ tained in a hyperquadric Q in $then X is either a complete intersection or projectively

Basic background
In this section, we recall the definitions and well-known results which are used in the following sections. 
$.
Proof.See [Gro] , p. 44.
We assume that X is a locally Cohen-Macaulay subscheme in $ defined over the complex number field $ and we let $ for $ and $.
(1) $.
(2) We have an exact sequence $ where $ is the dualizing sheaf of X2.
ProofSee [Mi] , Ch. IV.
Theorem 1.4 (the (dimension + 2)-secant Lemma).Let $ be a smooth n-dimensional subvariety and let Y be an irreducioble variety parametrizing a family {Ly} of lines in $.
Assume that, for a general Ly, the length of the scheme-theoretic intersection $ is at least (n + 2). Then we have
$.
Proof.See [Ran 2].
Castelnuovo-Mumford regularity for smooth threefolds in $ and extremal examples
Throughout this section, we work over the complex number field $. Hartshorne's conjecture (which is still open) states that any smooth n-manifold X in $ is a complete intersection, equivalently it is projectively normal. However, we have many examples of smooth non-projectively normal surfaces in $ and 3-folds in $, some of which are defined scheme-theoretically as the dependency loci of a morphism $ between vector bundles $ and $ of rank m and m + 1 on $, respectively. In other words, let $ be globally generated and φ be a generic morphism. Then the morphism φ induces $ which fits into an exact sequence $, where X is the dependency locus of $. By Kleiman's Bertini-type theorem [Klm] , X is a codimension two subvariety in $ and nonsingular away from a subset of codimension $ in X. Similarly, X + Ln is linearly equivalent to Q · F, where F is a hypersurface of degree a. As in the case II, X is projectively Cohen-Macaulay. We complete the proof of Theorem 2.1.□ Remark 2.6.For smooth surfaces in $, Theorem 2.1 was also proved by A. Aure and L. Roth, see [Au] , [Ro] .
Corollary 2.7. Let $ be a locally Cohen-Macaulay subvariety contained in a hyperquadric Q of rank 3 (resp., 4) with Sing(Q) = Λ Then:
(2) If X is not a complete intersection, then Sing $.
Proof. For a proof of (1), we first assume that rank(Q) = 3. Since X is projectively Cohen-Macaulay, $ for i = l, 2. Therefore, by (2.3.1), for k = 0 or k = 1 (depending on X), $, which is obvious nonzero and so by Theorem 1.2., $.
Similarly, in the case of rank(Q) = 4, we have an exact sequence $.
Note that for a surface $ may not be zero. By the way, $ because $, is nonzero.
For (2), by Theorem 2.1, we know that $, where Fi is a homogeneous polynomial of degree a, deg(X) = 2a -1 and $ where ℓi is a line in $ (or ℓi is one point of a smooth conic C in $ if rank(Q) = 3). Thus, $. □ Remark 2.8. It is well-known that if $ and X a locally Cohen-Ma¬ caulay variety, then X is a complete intersection if and only if X is projectively CohenMacaulay, see [PSz] .
Proposition 2.9. If a locally Cohen-Macaulay variety
$ is contained in a hyperquadric Q and is not a complete intersection, then:
(1) The saturated ideal $ is generated by polynomials Q, F1, F2, deg(Fi) = a and d e g ( ) = 2a-1.
(2) $.
Proof. Since X is not a complete intersection, rank(Q) = 3 or 4, as we have already noted. Assume that $ or $ as in the proof of Theorem 2.1. By $ and $, we can show that for $ $. Let $ and v(IX) = number of minimal generators of the saturated ideal IX of X. Since X is projectively Cohen-Macaulay of codimension two, we have ν(IX) = Α(IX) + 1 = 3 (see [Mi] , Corollary 2.2.3). Therefore, the saturated ideal $ is generated by polynomials Q, F1, F2, deg( Fi) = a. For a proof of (2), from $ and $, we have $.
The vector space of all polynomials of the form c1 F1 · L1 + c2F2 · L2, where L1 and L2 are arbitrary linear forms, has dimension (2n + 6). This implies that there are two relations among minimal generators Q, F1, F2 in degree (a + 1). Thus, the minimal free resolution for IX is a short exact sequence as follows:
$. 
Theorem 2.11. Let X be a smooth threefold in $ w h i c h i s n o t c o n t a i n e d i n a n y h y p e rquadric Q. Then
We also have $ for any regular surface S with $ in $ except for the Veronese surface.
Proof. The following construction and technique are basically due to Lazarsfeld [L] and Alzati [Al] . The author wants to give more simplified and self-contained proof. Let $.
Consider [B] . For $ because we have the following exact sequence $ and α is surjectiveby Zak's linear normalitytheorem [Z] .Finally, if i = 4, then h4(E*( -7))= h0(E(2)) = 0 because X is not contained in any hyperquadric and hence $ is injective. Therefore, E* is (-3)-regular. This completes the proof of our claim.□ Now, let's go back to the proof of Theorem 2.11. Note that $ det E, rank(E) = 4. So, by Lemma 1.1, $ where $ and reg(det(E)) = d + 6. Thus $.
Furthermore, suppose that S is a smooth regular surface except the Veronese surface in $ with degree d and $. By the same generic projection method, we have an exact sequence $.
Since S is linearly normal and $, by a similar method, E* is (-3)-regular and $. □ Remark 2.13.(a) Such a bound (d -3) in Theorem 2.11 is the best possible because, as shown in Example 2.0, the dependency locus X0 of four generic sections of $ has degree 7 and reg(X) = 4. Such a threefold is called the Palatini scroll of degree 7 which is not 3-regular.
(b) By Proposition 2.9 and Theorem 2.11, for a smooth 3-fold X in $ and reg(X) = d -1 if and only if X has degree 3 or 4, i.e., it is either the rational cubic scroll or the complete intersection of two quadrics.
(c) Theorem 2.11 is also true for smooth 3-folds in $ defined over any algebraically closed field of characteristic zero because Kodaira's vanishing theorem can be extended to this case.
Corollary 2.14. Let X be a smooth 3-fold in $ o f d e g r e e d . T h e n X i s k -n o r m a l f o r $.
The Palatini scroll of degree 7 which, as we have already noted, is not 2-normal, shows that this is the optimal bound.
Proof. By Theorem 2.1 and Theorem 2.11, it is clear. □
